We have measured the longitudinal power distribution inside a random distributed feedback Raman fiber laser. The observed distribution has a sharp maximum whose position depends on pump power. The spatial distribution profiles are different for the first and the second Stokes waves. Both analytic solution and results of direct numerical modeling are in excellent agreement with experimental observations. 
Introduction
Recently, the novel concept of a fiber laser operating via the feedback produced by randomly distributed variations of refractive index in the fiber core was proposed and implemented [1] . The distributed feedback (DFB) results from the Rayleigh backscattered radiation, which is captured by the fiber waveguide and amplified through the Raman effect. The lasing mechanism in such random DFB fiber laser is similar to the one seen in random lasers where light is generated in an amplifying disordered medium without a traditional cavity (see [2] [3] [4] [5] for a review). Still, random DFB Raman fiber lasers when compared to traditional random lasers present important differences arising from the feedback mechanism: Weak and continuous Rayleigh scattering (RS) in a fiber, in opposition to the strong discrete reflections in other random lasers, leads to a rather different geometry (very long 1-dimentional random medium) as well as to unique output characteristics (stable narrow-line high-quality beam).
Different fiber laser systems based on the random DFB concept were studied in the past year [6] [7] [8] demonstrating output characteristics at telecommunications transparency window (~1.55 µm) comparable to those of conventional Raman fiber lasers, as well as the possibility of short-wavelength operation (<1.2 μm), involving the first-and the second-order Stokes waves [9] . Moreover, multi-wavelength [10, 11] and widely tunable [12] random DFB fiber lasers have also been demonstrated which in some cases surprisingly outperform conventional Raman fiber lasers. A simple model has been proposed [12] that explains this fact and specifically, the higher efficiency of the random DFB fiber laser and flatter tuning (power versus wavelength) curve. Since its output power is defined by the specific longitudinal distribution of the generated power along the fiber, further optimization is possible while taking into account the shape of the distribution. Another important issue is that the random DFB laser has no limit in length in contrast to ultra-long Raman fiber lasers with conventional cavity of point-action reflectors, namely fiber Bragg gratings (FBGs) [13] . This feature provides new possibilities for optical fiber communications enabling quasi-lossless data transmission [14] . Potentially, ultra-long random DFB fiber lasers could be longer than conventional ultra-long Raman fiber lasers thus enabling quasi-lossless transmission over greater distances. For such telecommunication applications, the study of longitudinal distribution of generated power is one of the key issues.
We present here measurement, numerical simulations and analytical description of the longitudinal power distribution in ultra-long random DFB fiber laser.
Experimental setup
We experimentally study the symmetrical configuration proposed in [1] , Fig. 1 . The two 1.455 µm pump lasers with maximum power up to 4 W each are coupled into the center of an 84-km span of standard telecommunication fiber SMF-28. For pump power above ~0.8 W (for each pump laser), the setup starts to generate radiation at ~1.56 µm in both directions due to the Raman gain and random distributed feedback provided by the Rayleigh scattering (RS), see [1] for details. To measure the longitudinal distribution we use the following method. The cavity of the random DFB fiber laser has been made of 9 pieces of fiber of different lengths. All the fiber spans are spliced together to eliminate the parasitic back-reflections from the connectors which are likely to be higher than specified values of −60 dB because of high power operation and possible imperfections. A 99:1 coupler is moved through each splice point to measure both spectrum and power. The coupler is accompanied by the WDM 1455/1550 splitter eliminating the pump light and isolators to reduce the parasitic back-reflection. The coupler/WDM/isolator ("measuring unit") has been carefully calibrated at pump and generation wavelengths at different power levels. We have specially checked that the measuring unit does not affect the laser generation. It could be spliced into the cavity at splice points in two opposite directions making possible to measure independently powers of two waves travelling from left to right (so called "right wave" further) and from right to left ("left wave").
The lengths of fiber spools have been chosen in such a way that the total lengths of left and right arms, see Fig. 1 , are identical, 41 km 843 meters. The chosen lengths of the fiber spools allow one to measure the generated power at the following points along the cavity: z = −41,8 km (left output), −35.2 km, −28.6 km, −21.9 km, 0 km (pump coupling point), 6.6 km, 11.5 km, 22.5 km, 31.7 km and 41.8 km (right output). We expect that in the symmetric configuration under study, the longitudinal distribution should be also symmetric relative to the pump coupling point, z = 0 (see, for example, preliminary calculations of the longitudinal distribution in [1] ). Taking into account the differences in individual span lengths in opposite arms, the number of points in the longitudinal distribution of the generated wave can be almost doubled using the symmetry of the scheme. Note that we have specially designed the fiber cavity in such a way to have a symmetry checking point inside the cavity. Indeed, all our measurements at close distances (−21.9 km and 22.5 km) are nearly identical.
At each measurement point, we have measured the generated power for counterpropagating waves using a power meter and the optical spectra for different spectral components through an optical spectrum analyzer.
Experimental results
Firstly, together with the usual plot of output laser power, one can now plot the dependence of the generated power on the pump power at a specific point inside the cavity, Fig. 2 . Above the threshold pump power (~0.8 W for each pump laser), the first Stokes wave power (~1.56 µm) grows nearly linearly. For pump power above ~2 W (for each pump laser), the second Stokes wave (~1.68 µm) is generated similar to the cascaded generation observed in random DFB fiber laser operating in the 1.2 μm spectral band [9] . Above the generation threshold of the second Stokes wave, the output power of the first Stokes wave stops growing, Fig. 2 (z = 22 km and z = 42 km), because of its conversion into the second Stokes wave, similarly to what happens in a Raman fiber laser with a FBG-based high-Q cavity, see [15] and citations therein. Note that the specific character of the first Stokes output power depletion is quite different: it is not just saturating at constant level (or slightly growing) like in conventional Raman laser [15] , but is decreasing rapidly down to zero. Fig. 2 . The generated power for the right travelling wave at the different points along the fiber. At the X axis the power of only one pump is indicated. The total pump power coupled to the cavity is 2 times higher.
The full longitudinal distributions of the generated first Stokes wave power at different pump powers are plotted in Fig. 3(a) . The power distributions for opposite (left and right) travelling waves are symmetric: both waves increase rapidly after passing the pump coupling point (z = 0), reach maximum power at some point near the middle of the fiber arm and attenuate exponentially after passing the maximum with a coefficient nearly corresponding to linear loss at 1.56 µm. The position of the power maximum along the fiber was previously found to be at the point where local value of the unsaturated Raman gain becomes equal to the loss level, |z| = L RS , see [1] for details. In other words, |z| = L RS defines the boundary of a gain region. The measurements show that with increasing power the position of the power maximum shifts closer to the z = 0, and the distribution becomes correspondingly narrower.
At pump powers higher than second Stokes wave generation threshold, the power of the first Stokes attenuates at |z|>L RS much faster than at lower pump powers owing to the depletion process. At the highest available pump power, when the power of the second Stokes wave becomes high, see Fig. 3 (b), the first Stokes wave distribution becomes very narrow, and all the generated first Stokes wave power is localized within the region |z|<10 km. At the same time, the second Stokes wave distribution is much broader with maximum located at longer distances, |z|>10 km. We have also carefully measured the spectra of the generated radiation at different points along the fiber. The generated spectra have the same shape at all points along the cavity, . This fact confirms the principal role of the RS-based distributed feedback in the random fiber laser. Despite its extremely small value, the feedback couples both waves resulting in an identical spectrum for all points inside the distributed laser cavity, similar to a conventional ultra-long laser cavity (excepting in the regions near FBG reflectors) [16] . The equilibrium shape of the spectrum is nearly the same in both types of ultra-long fiber lasers (with and without FBGs): it has ~1 nm width and specific shape with exponential tails. Such shape in conventional Raman fiber lasers is formed due to the turbulent-like nonlinear interaction of multiple longitudinal modes in linear cavity [17, 18] , but in the studied random DFB laser of the same length as in [18] there are no discrete cavity modes, so the spectrum consists of a continuum of random frequencies. Nevertheless, the spectral shape is similar. Note that the light propagating in a fiber exhibits substantial spectrum changes during its propagation [19] , however some stationary spectrum could also set up after longdistance propagation because of the interplay between nonlinearity and dispersion. 
Numerical calculation of the power distribution
The experimentally measured distributions have been compared to theoretical predictions. To calculate numerically the longitudinal power distributions, we use the well-known power balance equation model [20] :
Here lower indexes P, S, 2S refer the corresponding terms to pump, Stokes and second Stokes waves, while upper indexes + and -refer to forward ("right") and backward ("left") propagating waves, respectively. Coefficients α define the attenuation of the corresponding wave, g is the Raman gain coefficient, ν is the radiation frequency, Δν is the Raman amplification bandwidth, ε is the backscattering coefficient, derived as α multiplied by backscattering factor Q. Backscattered factor was measured in special experiments and amounts approximately to Q≈10 −3 for the used fiber. As the studied configuration is symmetric against reflection (z→-z) with corresponding changes in upper indexes ( + ↔ -), we can use just the positive arm (z>0) in modeling, with the appropriate boundary conditions: 
Here χ is the fractional loss due to splices, connectors etc., between the two arms of the laser, L≈42 km is the length of one fiber arm.
Fiber parameters used are summarized in Table 1 . The numerically calculated profiles for the power distribution of the first and the second Stokes waves obtained using this simple model are shown in Fig. 5 where pump power distribution is also shown for comparison (calculated just above the second threshold at 2 W for each pump unit; only right waves are shown). The calculated profiles are in qualitative agreement with the experimental ones: the position of power maximum of the second Stokes wave is shifted to longer distances compared to that for the first Stokes wave, while the pump wave is almost fully converted to the Stokes waves as confirmed by comparison to the undepleted pump wave distribution. Note that it is hardly possible to compare quantitatively the calculated and experimental results, especially for the second Stokes wave, because of the sufficient uncertainty in fiber parameters at ~1.68 µm and a lack of experimental points. However, such a comparison seems to be possible for the first Stokes wave that demonstrates a good quantitative agreement between the experimental and theoretical distributions, calculated at pump power 2 W and neglecting the second Stokes wave, as it is seen in Fig. 6 (a) (only right wave at z > 0 is shown). Apart from the longitudinal distribution, one can also calculate L RS value, Fig. 6(b) . At the generation threshold, L RS is defined by the undepleted pump wave distribution, see Fig. 5 , so the experimental value is close to the estimation L RS ~ 35 km made in [1] . While pump power increases well above the threshold, the L RS decreases because of the pump power depletion, see 
Analytical model
The symmetrical configuration under study provides a good opportunity under certain conditions to analytically find the longitudinal distribution of the generated power for the first Stokes wave, the value of the generation threshold, the dependence with the pump power of the generated power at the maximum of the distribution and its longitudinal position.. First, the following obvious condition on the forward (right) and backward (left) waves in the symmetric points should be satisfied:
that allows us to consider again only the right arm of the scheme (z ≥ 0). Let us keep in the balance equation set (1) only principal terms neglecting the spontaneous emission and the second Stokes wave. In addition, we simplify the analysis assuming that linear losses α are equal for the Stokes and pump waves that is almost true when the pump and Stokes wavelength are in transmission window near 1.5 μm. Finally, we can neglect the contribution of the left wave power P S -to the pump power depletion, as the left wave is of two orders of magnitude smaller than the right one at positive z (see Fig. 3(a) ). The resulting simplified set of equations reads as ( ) ( )
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Here P S (0) is the generation power of the right wave at the pump coupling point (z = 0). Relationship Eq. (7) defines the generation power of the right wave, P S (0) at the pump coupling point (z = 0) through the integral of the generation power over the fiber length.
Integrating first and third equation in Eq. (4), one can approximate the longitudinal distribution of the pump power along the fiber:
and, what is more interesting, the longitudinal distribution of the generated Stokes wave along the distributed cavity of the random fiber laser:
Here and further P P (0) = P + P (0) is an input pump power. To plot the longitudinal distribution P S + (z) one needs to fit the value of the Stokes wave power P S (0) at the pump coupling point. However, the value P S (0) can also be found analytically. Indeed, to find the value of P S (0) we substitute Eq. (8) into Eq. (6):
Assuming that g P P S (0)/g S P P (0) << 1, that is confirmed by the experimental data and numerical simulations (Fig. 5) , we obtain
where substitution ξ = (1 -exp(-αz))/α is used. Here and everywhere below we assume large enough fiber lengths,
Equation (11) 
The analytically calculated value of 0.76 W is close to the measured threshold of 0.8 W. Above the generation threshold Eq. (11) is integrated in polylogarithmic functions, so P S (0) could be found in principle. However, it is more insightful to derive a simple approximate solution. Indeed, within the range g S P P (0)ξ < ln(g S P P (0)/g P P S (0)) one can neglect the g S P P (0)/g P P S (0) term in the denominator of the integral (11) . Assuming that ξ obeys the relation ln(g S P P (0)/g P P S (0)) < g S P P (0)ξ ≤ g S P P (0)/α one can neglect exponential term in the denominator of Eq. (11) . In this case the approximate solution of Eq. (11) takes a simple analytical form and the generation power P S (0) at pump coupling point can be expressed implicitly as
Recall that we consider here long fiber approximation with L eff = 1/α.
At the boundary of the validity domain for Eq. (13), when g P P S (0) = g S P P (0)exp(-g S P P (0)/α), one can define from Eq. (12) the Stokes P s *(0) and pump P p *(0) powers as
The last equation exactly coincides with Eq. (12) for the threshold. Therefore, Eq. (13) works well even at the threshold pump power.
Well above the threshold, Eq. (13) can be further simplified. Using the substitution ln(g S P P (0)/g P P S (0)) = g S P th /α, we easily derive the Stokes power at z = 0 as
Therefore, the generation power at z = 0 exhibits linear dependence on the pump power. Comparison of the analytical solution for Ps(0) Eq. (15) with numerics and the experimental data demonstrates good agreement up to certain power level, as it is seen in Fig. 7 . Finally, the analytical value of P S (0) can be used in Eq. (9) to plot the longitudinal distribution of the generated power P S + (z). There is a very good agreement between experimentally measured, analytically and numerically calculated power distributions, see Fig. 6(a) .
After all, there is one more output of the developed analytical model: namely, one can find how the amplification length L RS depends on pump power. Indeed, using L RS definition g S P P (L RS ) = α, it is straightforward to derive from the Eq. (8) the following equation: 
L RS depends on pump power inversely, with the logarithmic accuracy. This analytical result is also in good agreement with both experimental data and numerical simulation, see Fig. 6 (b).
Discussion and conclusions
Summarizing the obtained results, the longitudinal power distributions generated in the random DFB fiber laser in symmetric configuration have been studied both experimentally and theoretically. The simple analytical model describes with high accuracy first Stokes wave characteristics, namely: generation threshold, power dependence at center point (z = 0), the position of maximum power (|z| = L RS ) as well as the spatial longitudinal distribution. The numerical and analytical calculations of the first Stokes wave give very close values which are also in good quantitative agreement with obtained experimental results. It has been found that the spectral shapes are identical for the opposite waves and do not change during the propagation of the waves along the fiber. That is consistent with the idea of Rayleigh scattering feedback being responsible for the lasing and coupling of the spectral characteristics of both waves.
The specific combination of distributed Raman amplification with maximum gain in the center (z = 0) defined by the symmetric pumping scheme and the RS-based random DFB cavity results in a specific distribution of the generated Stokes wave power. The distribution is symmetric both for the forward and backward Stokes waves, which reach maximum power at symmetric points |z| = L RS corresponding to the boundary of the amplification region. At |z|> L RS the generated power attenuates nearly exponentially with a coefficient defined by linear losses.
In previous works, the spatial mode power distribution was measured in conventional DFB fiber lasers with short (cm-long) active media in which strong regular fiber Bragg gratings with π-shift in the center was inscribed [21] . In a conventional DFB laser the generated power has maximum power at the center with exponential attenuation to fiber ends. At the absence of π-shift in a DFB cavity, power distributions for the opposite waves become different and reach their maximum values at the fiber ends corresponding to the boundary of both the active fiber and regular grating. In this sense the random DFB fiber laser has some similarity with a conventional DFB fiber laser based on a grating without phase shifts. Note that introducing irregularities in the fiber Bragg grating by means of inscription in the active fiber either an irregular array of short FBGs [22] or introducing random phase shifts in a relatively long (tens of centimeters) grating of DFB laser [23] leads to a spatial power distribution with maximum in the center of the active fiber similar to the distribution observed in a DFB fiber laser with a π-shifted regular grating [21] .
Another important feature of the power distribution in the random DFB fiber laser is its dependence on the pump power. The position of maximum generated power appears to shift to the pump coupling point (z = 0) nearly inversely with pump power. Such behavior is defined by pump power depletion, see Fig. 5 , leading to corresponding shift of the gain boundary point L RS to the center. The model offers the way of power optimization: the halflength of the random DFB fiber laser L should be close to L RS value to eliminate exponential attenuation of the generated wave thus reaching highest possible conversion efficiency (defined by loss factor η ~ exp(-αL) [12] ) which could be even higher than that for conventional Raman fiber laser with linear cavity formed in the same fiber. This estimate is in agreement with the measured conversion efficiency in power maxima (|z| = L RS ), exceeding η ~ 0.6; see Fig. 3 . As we have found here, increasing pump power well above the threshold results in reduction of the optimal length nearly inversely with power, down to L ~ L RS < 5 km in our case. Relevant shortening of the fiber will lead to higher random lasing threshold, however, the conversion efficiency may be further increased because of the loss reduction.
The next limitation is induced by the second Stokes wave generation after reaching the second threshold. It has been found that the second Stokes wave has quite different longitudinal distribution with maximum shifted to longer distances, |z| > L RS . The second Stokes wave distribution is also more uniform compared to the first Stokes wave distribution at the same average generated powers. It is likely that the higher order schemes could provide an even more flat distribution that could be important for possible telecom applications such as quasi-lossless transmission [14] . Optimization of the output power for the second Stokes wave can make the optimal arm length in the symmetric scheme longer than the one for the first Stokes in correspondence with the position of maximum power for the second Stokes wave. Therefore, using the symmetric random DFB scheme one can optimize output power for each Stokes order, thus reaching maximum possible conversion efficiency of the cascaded Raman fiber laser of corresponding length for the chosen order. Note that the specific saturation character demonstrating almost full depletion of the first Stokes wave confirms high-efficiency conversion to higher order Stokes waves. Measured conversion efficiency for power values at the maxima of the distribution is over 60% not only for the first order, but also for the second order Stokes wave. In the framework of the model developed in [15] for a fiber laser with linear cavity formed by point-based mirrors, the strongly decreasing output power of the first Stokes wave at powers higher than the second Stokes wave generation threshold means strongly decreasing losses for the first Stokes wave. Indeed, the ratio of the output power to the average power inside the fiber is decreasing with pump power, Fig. 3 . This may be interpreted as an increase of the finesse of the effective cavity of the random DFB fiber laser with increasing power, quite opposite to the case of a laser with a conventional FBG based cavity where a cavity finesse is decreased owing to a spectral broadening of the generated radiation in excess of the FBG bandwidth; see, e.g., [15] . Thus, this important drawback of conventional Raman fiber lasers is eliminated in the random DFB fiber laser because the distributed Rayleigh mirror is naturally broadband and has equal reflection for all frequencies inside the generated spectrum.
Thus, the obtained results have an important impact on the identification of the lasing mechanism in random DFB fiber lasers and the search for new applications.
